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$c*$- $\mathfrak{A}$ $*:\mathfrak{A}\ni A\mapsto A^{*}\in \mathfrak{A}$ $\Vert A^{*}A\Vert=\Vert A\Vert^{2}$
$\Vert\cdot\Vert$ Banach 1
$\mathfrak{A}$




$\omega\in E_{\mathfrak{A}}$ Hilbert $\mathfrak{H}\omega$ , $\Omega_{\omega}\in \mathfrak{H}_{\omega}$ $\mathfrak{A}$ $B(\mathfrak{H}_{\omega})$
$\pi_{\omega}$
$\omega(A)=\langle\Omega_{\omega},$ $\pi_{\omega}(A)\Omega_{\omega}\rangle,$ $\mathfrak{H}_{\omega}=\pi_{\omega}(\mathfrak{A})\Omega_{\omega}$ 3 $\{\pi_{\omega},\mathfrak{H}_{\omega}, \Omega_{\omega}\}$ $\mathfrak{A}$ $\omega$
GNS GNS
$\mathcal{Z}_{\omega}(\mathfrak{A})=\pi_{\omega}(\mathfrak{A})"\cap\pi_{\omega}(\mathfrak{A})’2$ von Neumann $3_{\pi_{\omega}(\mathfrak{A})"}$
$\omega$ $\mathcal{Z}_{\omega}(\mathfrak{A})=\mathbb{C}1$
2 $\pi_{1},$ $\pi_{2}$ ( )
1 kazuqi@kurims kyoto-u ac.i $P$
2 Hilbert $B(\mathfrak{H})$ $S$ $S’$ $S’=\{A\in$
$B(\mathfrak{H})|AB=BA,$ $B\in S\}$ $S$’/: $=$ ( $S$’)’ $S$
3 Hilbert von Neumam $\mathcal{M}$ $\mathcal{M}$ $B(\mathfrak{H})$
$\mathcal{M}=\mathcal{M}"$





$M_{1}(\Omega)$ $(\Omega,\mathcal{F})$ $v\in M_{1}(\Omega)$ $\mu\in M_{1}(\Omega)$
$D(v\Vert\mu)=\{\begin{array}{l}\int d\nu(\rho)\log\frac{dv}{d\mu}(\rho) (v\ll\mu)+\infty (otherwise).\end{array}$ (1)
$v,$ $\mu\ll\sigma$
$\Omega$
$\sigma$ $D(\nu\Vert\mu)$ $D(q\Vert p)$
$q:= \frac{dv}{d\sigma}$ and $p:= \frac{d\mu}{d\sigma}$
Uhlmann [3, 26, 11, 28] $(\mathcal{M},$ $\mathcal{H},$
$J,$ $\mathcal{P})$ von Neumann $\mathcal{M}$ 4 $\varphi,$ $\psi$ $\mathcal{M}$
$A\in \mathcal{A}$ $\varphi(A)=\langle\Phi,$ $A\Phi\rangle,$ $\psi(A)=\langle\Psi,$ $A\Psi\rangle$ $\Phi,$ $\Psi\in \mathcal{P}$
$Dom(S_{\Phi,\Psi})=\mathcal{M}\Psi+(1-s^{\mathcal{M}’}(\Psi))\mathcal{H}$ $S_{\Phi,\Psi}$
$S_{\Phi,\Psi}(A\Psi+\Omega) = s^{\mathcal{M}}(\Psi)A^{*}\Phi,$
$A\in \mathcal{M}, \sigma j\mathcal{M}’(\Psi)\Omega=0,$
$s^{\mathcal{M}}(\Psi)$ $\Psi$ $\mathcal{M}$- $E$ $(1-E)\Psi=0$ $\mathcal{M}$
$S_{\Phi,\Psi}$
$\triangle_{\Phi,\Psi}$ $\triangle_{\Phi,\Psi}=(S_{\Phi,\Psi})^{*}\overline{S_{\Phi,\Psi}}$ $\triangle_{\Phi,\Psi}=\int_{-\infty}^{\infty}\lambda dE_{\Phi,\Psi}(\lambda)$ $\triangle_{\Phi,\Psi}$
$S(\varphi\Vert\psi)$ Araki
$S(\varphi\Vert\psi)_{Araki}=\{\begin{array}{l}\int_{-\infty}^{\infty}\log\lambda d\langle\Phi, E_{\Phi,\Psi}(\lambda)\Phi\rangle, (s(\varphi)\leq s(\psi)) ,+\infty, ( ).\end{array}$
$s(\varphi)$ $\mathcal{M}$ $\varphi(1-E)=0$ $E$ $\varphi$
Uhlmann 2
$\mathcal{L}$
$P$ $q$ 2 (quadratical mean)
$QM(p, q)$
$Ql \downarrow:I(p, q)(x)=\sup_{\alpha\in S(pq)},\alpha(x, x)^{\frac{1}{2}}, x\in \mathcal{L},$
4Hilbert $\mathcal{H}$ von Neumann $\mathcal{M}$ $\mathcal{M},$ $\mathcal{H}$
$J$ $\mathcal{H}$ $\mathcal{P}$ 4 $(\mathcal{M}, \mathcal{H}, J, \mathcal{P})$ :(i) $J\mathcal{M}J=\mathcal{M}’;(ii)JAJ=A^{*},$
$A\in \mathcal{Z}(\mathcal{M})$ ; (iii) $J\xi=\xi,$ $\xi\in \mathcal{P};(iv)AJAJ\mathcal{P}\subset \mathcal{P},$ $A\in \mathcal{M}$ . [25]
103
$S(p, q)$ $\mathcal{L}$ $\alpha$ $x,$ $y\in \mathcal{L}$
$|\alpha(x, y)|\leq p(x)q(y)$ $\mathcal{L}$
$[0,1]\ni t\mapsto Pt$ $P$ $q$ 2 (quadratical interpolation)
:
(i) $x\in \mathcal{L}$ $t\mapsto p_{t}(x)$ ;
(ii) ;
$Pt = QM(p_{t_{1}},p_{t_{2}}), t= \frac{t_{1}+t_{2}}{2}, t_{1}, t_{2}\in[0,1],$
$p_{\frac{1}{2}} = QM(p, q)$ ,
$p_{\frac{t}{2}} = QM(p,p_{t}), t\in[0,1],$
$p_{\underline{1}}\pm t2 = QM(p_{t}, q), t\in[0,1].$
$\alpha$ $\beta$
$\mathcal{L}$
$[0,1]\ni t\mapsto QF_{t}(\alpha, \beta)$ $x\in \mathcal{L}$ $p_{t}(x)=QF_{t}(\alpha, \beta)(x, x)^{\frac{1}{2}}$
$p_{t}$
$\alpha(x, x)^{\frac{1}{2}}$ $\beta(x, x)^{\frac{1}{2}}$ 2 $\alpha$ $\beta$




$*$ - 5 $\varphi,\psi$ $\mathcal{A}$ Uhlmam
$S(\varphi\Vert\psi)_{Uhlmam}$
$S(\varphi\Vert\psi)_{Uhlmam}=S(\varphi^{R}\Vert\psi^{L})(1)$ ,
$\varphi^{R}$ and $\psi^{L}$ $\varphi^{R}(A, B)=\varphi(BA^{*}),$ $\psi^{L}(A, B)=\psi(A^{*}B)$
$\mathcal{A}$
[11] 2 :
1. von Neumann $\mathcal{M}$ $\varphi,$ $\psi$ $S(\varphi\Vert\psi)_{Uhlmann}=S(\varphi\Vert\psi)$Araki
2





$\pi$ $\varphi+\psi$ GNS $\pi_{\varphi+\psi}$
3 $\alpha-$





$D^{(\alpha)}(\mu\Vert v)=\{\begin{array}{ll}D(v\Vert\mu), (\alpha=+1) , \frac{4}{1-\alpha^{2}}(1-\int dm(\frac{d\mu}{dm})^{\frac{1-\alpha}{2}}(\frac{dv}{dm})^{\underline{1}}\neq_{2}\underline{\alpha}) (|\alpha|<1) ,D(\mu\Vert v), (\alpha=-1) , \end{array}$
Uhlmann $\alpha-$ 7 $*$- $\varphi,$ $\psi$
$S^{(\alpha)}(\varphi\Vert\psi)$
Uhlmann $=\{\begin{array}{l}S(\psi 4\Vert\varphi)_{Uhlmann}, (\alpha=+1) ,\overline{1-\alpha^{2}}(1-QF_{\underline{1}}\pm_{2^{\underline{\alpha}}}(\varphi^{R}, \psi^{L})(1,1)) , (|\alpha|<1) ,S(\varphi\Vert\psi) Uhlmann, (\alpha=-1) ,\end{array}$
$\sigma$- von Neumann $\mathcal{M}$ $\varphi=\langle\Phi,$ $\cdot\Phi\rangle,$ $\psi=\langle\Psi,$ $\cdot\Psi\rangle$
$\alpha-$
$S^{(\alpha)}(\varphi\Vert\psi)$ Araki $=\{\begin{array}{l}S(\psi 4\Vert\varphi) Araki, (\alpha=+1) ,\overline{1-\alpha^{2}}(1-\langle\Psi, \triangle_{\Phi,\Psi}^{1-\frac{1+\alpha}{2}}\Psi\rangle) , (|\alpha|<1) ,S(\varphi\Vert\psi) Araki, (\alpha=-1) ,\end{array}$
$\Phi,$ $\Psi$ von Neumann $L^{\infty}(\Omega, m)$
( ) $\mu$ , $v\ll m$
$S^{(\alpha)}(\mu\Vert v)_{Araki}=D^{(\alpha)}(\mu\Vert v)$ ,





3( [4]). $\omega\in E_{\mathfrak{A}}$ 3 :
$(a) \omega=\int_{E_{\mathfrak{A}}}\rho d\mu(\rho)$ $E_{\mathfrak{A}}$ $\mu.$
$(b)$ von Neumann $\mathfrak{B}\subseteq\pi_{\omega}(\mathfrak{A})’.$
$(c)$ $\mathfrak{H}_{\omega}$ $P$ : $P\Omega_{\omega}=\Omega_{\omega},$ $P\pi_{\omega}(\mathfrak{A})P\subseteq\{P\pi_{\omega}(\mathfrak{A})P\}’.$
$\mu,$
$\mathfrak{B},$ $P$ :
(1) $\mathfrak{B}=\{\pi_{\omega}(\mathfrak{A})\cup P\}’;(2)P=[\mathfrak{B}\Omega_{\omega}]$ ;
7Uhlmam $\alpha-$
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(3) $\mu(\hat{A}_{1}\hat{A}_{2}\cdots\hat{A}_{n})=\langle\Omega_{\omega},$ $\pi_{\omega}(A_{1})P\pi_{\omega}(A_{2})P\cdots P\pi_{\omega}(A_{n})\Omega_{\omega}\rangle$ ;
(4) $\mathfrak{B}$
$\langle\Omega_{\omega}, \kappa_{\mu}(f)\pi_{\omega}(A)\Omega_{\omega}\rangle=\int d\mu(\rho)f(\rho)\hat{A}(\rho)$
$L^{\infty}(\mu)$ $:=L^{\infty}(E_{\mathfrak{A},\mu})\ni f\mapsto\kappa_{\mu}(f)\in\pi_{\omega}(\mathfrak{A})’$ $*$ -
$A,$ $B\in \mathfrak{A}$ :
$\kappa_{\mu}(\hat{A})\pi_{\omega}(B)\Omega_{\omega}=\pi_{\omega}(B)P\pi_{\omega}(A)\Omega_{\omega}.$
$\Delta\in \mathcal{B}(E_{\mathfrak{A}})$
$( \int_{\Delta}\rho d\mu(\rho))\perp(\int_{E_{\mathfrak{U}}\backslash \Delta}\rho d\mu(\rho))$
Borel $\mathfrak{B}=\mathcal{Z}_{\omega}(\mathfrak{A})$ $\mu$ $\mu_{\omega}$








4([11, 28]). $\mu,$ $v$ $\psi,$ $\omega\in E_{\mathfrak{A}}$ $E_{\mathfrak{A}}$ Borel $\mu,$ $v\ll m$
$E_{\mathfrak{A}}$ $m$ $S(\psi\Vert\omega)=D(\mu\Vert\nu)$
$\alpha-$ :
5. $\varphi,$ $\psi$ $\mathfrak{A}$ $\mu,$ $v$ $m$






$\mathcal{B}^{w}(_{\lrcorner}\eta I_{1}(E_{\mathfrak{A}}))$ $\Lambda I_{1}(E_{\mathfrak{A}})$ $Borel\sigma$- $\tilde{\rho}=(\rho_{1}, \rho_{2}, \cdots)\in$
$(supp\mu_{\psi})^{\mathbb{N}}$ $A\in \mathcal{B}(supp\mu_{\psi})$ and $\Gamma\in \mathcal{B}^{w}(M_{1}(E_{\mathfrak{A}}))$
$Y_{j}( \tilde{\rho})=\rho_{j}, L_{n}(\tilde{\rho}, A)=\frac{1}{n}\sum_{j=1}^{n}\delta_{Y_{j}(\overline{\rho})}(A) , Q_{n}^{(2)}(\Gamma)=P_{\mu_{\psi}}(L_{n}\in\Gamma)$
$P_{\mu\psi}$ $\mu_{\psi}^{N}$ $\{Y_{j}\}_{j=1}^{\infty}$ iid.
$\{Y_{j}\}_{j=1}^{\infty}$
Sanov
6. $Q_{n}^{(2)}$ $S(\cdot\Vert\psi)$ $LDP$ : $\{L_{n}\in\Gamma\}$
$\Gamma\in B^{w}(M_{1}(E_{\mathcal{A}}))$







$d( \omega_{1}, \omega_{2})=\sum_{j=1}^{\infty}\frac{1}{2^{j}}\frac{|\omega_{1}(A_{j})-\omega_{2}(A_{j})|}{||A_{j}\Vert}$ , (2)
$\{A_{j}|A_{j}\neq 0, j=1,2, \cdots\}$ $\mathfrak{A}$ $B^{cy}(M_{1}(E_{\mathcal{A}}))$
$(M_{1}(E_{\mathcal{A}})$ Borel
Borel [6] $)$ $B^{w}(M_{1}(E_{\mathcal{A}}))$ $\mathfrak{A}$
$\{L_{n}\in\Gamma\}$
1. $\mathcal{T}$ 2 $H_{0}$ $H_{1}$
$T_{n}$ : $(supp\mu_{\omega_{2}})^{n}arrow\{0,1\}$ $\{T_{n}=0\}=$ { $H_{0}$ } $=$ { $H_{1}$ }
$\{T_{n}=1\}=$ { $H_{1}$ } $=$ { $H_{0}$ } $\mathcal{T}=(T)$
$\mathcal{T}$ $T$
1 2
$\alpha_{n}(T_{n})$ $=$ $P_{\omega 1}(T_{n}=1)=P_{\omega 1}$ ( $fI_{0}$ ),
$\beta_{n}(T_{n})$ $=$ $P_{\omega 2}(T_{n}=0)=P_{\omega 2}$ ( $H_{1}$ ).
$i=1,2$ $\mu_{\omega_{i}}$










Chernoff $\mathcal{R}:(T_{n})=\pi_{l}\alpha_{n}(T_{n})+\pi_{2}\beta_{n}(T_{n})$ $\pi_{1},$ $\pi_{2}$
$\pi_{1},$ $\pi_{2}>0,$ $\pi_{1}+\pi_{2}=1$
8(Chernoff ).






2. $\mathbb{R}^{d}$ $\Theta$ $\{\omega_{\theta}|\theta\in\Theta\}$ 3
( ) :
(i) $\theta\in\Theta$ $\mu_{\omega_{\theta}}\ll m$ $E_{\mathfrak{A}}$ $m$
(ii) $\{\rho\in E_{\mathfrak{A}}|p_{\theta}:=\frac{d\mu_{\omega_{\theta}}}{dm}(\rho)>0\}$ $\theta\in\Theta$
(iii) $\omega_{\theta}$ Bochner
( )













$\omega_{\pi_{)}\beta}^{n}=\int\rho\langle p(\rho|\theta)\rangle_{\pi,\beta}^{\rho^{n}}dm(\rho)$ . (5)
2 $E_{\rho}$ $E_{\rho^{n}}$ : $E_{\mathfrak{A}}$ $F(\rho)$
$E_{\rho}[F( \rho)]=\int H(\rho)q(\rho)dm(\rho)$ . (6)
$(E_{\mathfrak{A}})^{n}$ $G(\rho_{1}, \cdots, \rho_{n})$
$E_{\rho^{n}}[G( \rho_{1}, \cdots, \rho_{n})]=\int G(\rho_{1}, \cdots, \rho_{n})\prod_{j=1}^{n}q(\rho_{j})dm(\rho_{j})$ . (7)
4.
(1) Bayes $\mathcal{E}_{bg}$ Bayes $\mathcal{L}_{bg}$ :
$\mathcal{E}_{bg}=E_{\rho}[\log\frac{q(\rho)}{\langle p(\rho|\theta)\rangle_{\pi,\beta}^{\rho^{n}}}], \mathcal{L}_{bg}=E_{\rho}[-\log\langle p(\rho|\theta)\rangle_{\pi,\beta}^{\rho^{n}}]$ . (8)
(2) Bayes $\mathcal{E}_{bt}$ Bayes $\mathcal{L}_{bt}$ :
$\mathcal{E}_{bt}=\frac{1}{n}\sum_{j=1}^{n}[\log\frac{q(\rho_{j})}{\langle p(\rho_{j}|\theta)\rangle_{\pi,\beta}^{\rho^{n}}}], \mathcal{L}_{bt}=\frac{1}{n}\sum_{j=1}^{n}[-\log\langle p(\rho_{j}|\theta)\rangle_{\pi,\beta}^{\rho^{n}}]$ . (9)
(3) $\mathcal{V}$ :
$\mathcal{V}=\sum_{j=1}^{n}\{\langle(\log p(\rho_{j}|\theta))^{2}\rangle_{\pi,\beta}^{\rho^{n}}-(\langle\log p(\rho_{j}|\theta)\rangle_{\pi,\beta}^{\rho^{n}})^{2}\}$ . (10)
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$‘$ . ” $\psi$ Bayes
$\omega_{\pi,\beta}^{n}$ Bayes $\omega_{\pi,\beta}^{n}$
“ $\psi$ Bayes Bayes





$E_{\rho^{n}}[ \mathcal{L}_{bg}]=E_{\rho^{n}}[WAIC]+o(\frac{1}{n})$ , (12)
WAIC $= \mathcal{L}_{bt}+\frac{\beta}{n}\mathcal{V}$ . (13)





(13) WAIC, widely $applicablen$ information criteria
WAIC






1( ). $\mathfrak{A}$ $c*$- $\omega$ $\mathfrak{A}$
$(\pi_{\omega}, \mathcal{H}_{\omega}, \Omega_{\omega})$ $\mathfrak{A}$ $\omega$ GNS
110
$A=A^{*}\in\pi_{\omega}(\mathfrak{A})"$ $A$ $Sp(A)$ $:=\{\lambda\in \mathbb{C}|A-$
$\lambda 1$ } $(\subseteq \mathbb{R})C_{0}(A)$ $:=\{f(A)|f\in C_{0}(Sp(A))\}$
( )
$C*$- $\mathfrak{A}\otimes C_{0}(A)^{8}$ $\pi_{\omega}\otimes id$ von Neumann
$\{(\pi_{\omega}\otimes id)(\mathfrak{A}\otimes C_{0}(A))\}"=\pi_{\omega}(\mathfrak{A})"\otimes \mathcal{A}$, (14)
$\mathcal{Z}_{\pi_{\omega}\otimes id}(\mathfrak{A}\otimes Co(A))=\mathcal{Z}_{\omega}(\mathfrak{A})\otimes \mathcal{A}$ $\mathcal{A}=C_{0}(Sp(A))"$
$\mathcal{H}_{\omega}$ von Neumann
2( ). $\pi_{\omega}(\mathfrak{A})"\otimes \mathcal{A}$ $*$ - $\alpha$ : von Neumann











$supp\mu_{\omega_{(A,\alpha(W))}}$ : $X\in \mathfrak{A}\otimes C_{0}(A)$
$\omega(A,\alpha)(X) := \alpha^{*}(\tilde{\omega}\otimes m_{\mathcal{A}})((\pi_{\omega}\otimes id)(X))$
$= \int\rho(X)d\mu_{\omega}(A,\alpha)(\rho)$ , (15)
$supp\mu_{\omega_{(A,\alpha(W))}}=\overline{\{\omega_{\alpha,a}\otimes\delta_{a}|a\in Sp(A)\}}.$
$a\in Sp(A)$ $\omega_{\alpha,a}$ $\alpha$ $\delta_{a}$




$\mu_{\iota D}(A,\alpha)$ von Neumann $\mathbb{C}1\otimes \mathcal{A}$
$\omega(A,\alpha)$ $A$ [8]




$M(A;\omega_{1}\prec\omega_{2})=\{(A, \alpha)\in\pi_{\omega}(\mathfrak{A})"\cross Aut(\pi_{\omega}(\mathfrak{A})"\otimes \mathcal{A})|$
$\mathcal{A}=C_{0}(A)",\mu_{\omega_{ ,(A,\alpha)}}\ll\mu_{\omega_{2,(A,\alpha)}}\},$




$\mathfrak{A}\otimes C_{0}(A)$ $\alpha\in Aut(\mathfrak{A})$ $S(\omega_{1}\Vert\omega_{2})=S(\alpha^{*}\omega_{1}\Vert\alpha^{*}\omega_{2})$
$M(\omega_{1}\prec\omega_{2})\neq\emptyset$ $(A, \alpha)\in M(\omega_{1}\prec\omega_{2})$
$\infty$ $>$ $D(\mu_{\omega_{1,(A,\alpha)}}\Vert\mu_{\omega_{2,(A,\alpha)}})=S(\alpha^{*}(\tilde{\omega}_{1}\otimes m_{\mathcal{A}})\circ(\pi_{\omega}\otimes id)\Vert\alpha^{*}(\tilde{\omega}_{2}\otimes m_{\mathcal{A}})\circ(\pi_{\omega}\otimes id))$
$=$ $S(\alpha^{*}(\tilde{\omega}_{1}\otimes m_{A})\Vert\alpha^{*}(\tilde{\omega}_{2}\otimes m_{A}))=S(\tilde{\omega}_{1}\otimes m_{A}\Vert\tilde{\omega}_{2}\otimes m_{A})=S(\tilde{\omega}_{1}\Vert\tilde{\omega}_{2})=S(\omega_{1}\Vert\omega_{2})$ .
Born
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